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VII. The Application of a Method of Differences to the Species
of Series whose Sums are obtained by M. Landen, by the Help
of impossible Quantities. By Mr. Benjamin Gompertz.
Communicated by the Rev. Nevil Maskelyne, D. D. Astro-
-nomer-Royal, F.R. S.

Read February 13, 1806.

Havixe some years back, when reading the learned Mr.
Lanpen’s fifth Memoir, discovered the manner of applying
a method of differences, to the species of series, whose sums
are there obtained by the help of impossible quantities, and
having since extended that application, I now venture to offer
it to the consideration of others.

The practice of this method, in most cases, appears to me
extremely simple ; and on that account, I am almost induced
to imagine, that they have already been considered by mathe-
maticians ; indeed since the greatest part of this Paper was
written, I met with EvLER’s Institutiones Calculi integralis ;
two simple series are in that work summed by multiplications
similar to those employed in the investigation of the principal
theorems contained in this Paper; but whether that learned

mathematician has farther pursued the method, in that or in -

any other work, I have not as yet been able to ascertain.
I have purposely considered some of the series summed by

Mr. LANDEN, to afford an opportunity of comparing both the

results and methods ; and because the series may have parti-
Ue
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148  Mr. GompERTZ on Series which may be summed

cular cases in which both Mr. LANDEN’s means and my own
fail: I have added towards the end a general scholium con-
cerning the cause, circumstances, and consequences of such
failure in my method.

The foundation of the theorems depends on the following
well known lemmas.

No. L.
2 sine of vz . sine of ¢z, is equal to

cos.of t —v.z—cos.of t 4 v.x.

No. II.
2 sine of vz . cos. of ¢z, is equal to

sineof t4v.z—sineof t —v.x,or
sineof t 4 v .2 -4 sine of v —1. 2.

No. III.
2 cos. of vz . cos. of tz, is equal to

cos.of t—v .z 4 cos.of t 4+ v.%.

Theorem 1.

If there be an infinite series a . sine of pz,+b . sine of p4q.z,
- ¢.sine of;--{-—z—q'. 2,-} d. sine ofm. % &C. =3,
and from the series a, b, ¢, d, e, f, &c. there be conti-
nually formed new (a, o/, ¥, ¢/, &, ¢, &c.
series a, a", b, c", d", e, &c.
a,a"”, b, ", d",e", &c.
&c. &e. &e. &c. &e, &e. &e.
Every new series, being formed from that immediately
above, by taking the differences of the terms, exacily in
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the same manner as in' the common differential method,
except that they here continually commence with the first
term, a; and if p’ be put =p —Lq, p"=p'—1q, p""'=p"—1q,
pir=p"'—1q . &c. 5.2 sine of Lgz=y,—s'. 2 sine of Jgz=s",
s”. 2 sine of Lgz==s5",—s"". 2 sine of +gz==s* &c. Then shall
a.cos. of p’z--a'. cos. of p'4q . z4b'. cos. of p'+2q . 24’ cos.
of p'+3gq.2+ &c.=s',
a.sine of p”z-4a".sine of p"4q . z+4-b". sine of p"' - 2¢.x &c.=s",
a.cos.of p"'z+-a'". cos. of p" - q.x b .cos. of p™ + 2q.2&c.=s"
a.sineofpivz4-ai*. sine of p* +q . x 4-b". sine of p" f-2¢.2 &c.=s"",
&ec, -}~ : &c,-}- &c, , =,&c.

For, multiplying the series a . sine of px 4 b.sine of pf¢q .2
¢ sine of p+2q .z &c.==s,by 2. sine of 49z by lemma No.I.
we get, a.cos. of p—1q .2 —a.cos. of p F 2q .2 4 b . cos. of
pFLq.z—b.cos.of pF3.qx+c.cos. of pF2.qx—c. cos.
of p 3¢ .2 &c. = 5. 2 sine of Lgz .". putting b—a=a’, c—b
=V, d—c=d', &c. p—Lq=p', s . 2 sine of Lgz==5" we have,
a .cos. of p'z4a’. cos. of p'4q . z4¥. cos. of p'F2q. z-4c'.
cos. of p'+gq . = &c.==s', multiply this by 2 sine of Igz by
help of lemma No. II. and we have — a sine of p'— 1q . z+a
sine of 7' Lq.2—a' sine of p'- 1q.z+a' sine of 't 3¢.z—-b"
sine of p'F 2¢.z4 sine of p'4- q.2—¢ sine of p'+ 3q.x4-¢'
sine of p' 4 1.z &c.==s".2 sine of Lqz, putd'—a'=a"’, ¢'—b'=b",
d'—c'=d" &c. p'— Lqg=p" and —s'. 2 sine of Lgz==s", and we
have a sine of p"z4-a"' sine of p"+-¢ . 2" sine of p"F2q .=
&c.=s", and because this is exactly similar to the original
equation, (if we put a”, b",¢", &c. for b, ¢, d, &c. in that, and
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" and 5" for p and s,) it follows that if we put b"—a''==2"", -
"' —=b"=b", d'—c"==c"", &c. p"'— Lq=p"" s".2sine of —2—(]2::-5"’,

that we shall have, @ cos. of p''z+a" cos. of p"'+q.z+4b",

cos. of p”"F2q. % &c.==s", which is exactly similar to the se-

cond equation ; (if @/, b, ¢, &c. p’” and s be written for

a,b,¢', &c. p'and s in that,) and therefore putting b'"—a""=a',

b =b, d' " = &e. p"— Lg=p'¥, —5"". 2 sine of Lqx

=i, we get a sine of piz-}a' sine of p"-{—q z-+biv. sine of
PV+F2q. 2, &c.=s", again, similar to the first, by putting a'v,

b, ¢iv, &c. p¥, sV in that equation for b, ¢, d, &c. p and s, and

thus do we continually get equations in form similar to the

first and second equations QED.

Cor. 1. s''= —s'. 2 sine of Jqz==-—s . 2 sine of Lqz[, s""=s"
2 sine of Lgz=—3¢'.2sine of gz|'= — 5.2 sne of qul ,
sv= —s"". ¢ sine of 1qz=s". 2 sine of Lgz|’=s. 2 sine of ¢,

and in general put s(=) to represent the =th successive value

of s, and we shall have s(")=+s". 2 sine of Lgz|"—1= +3.

o sine of 1| , the upper sign to be taken when = being di-
vided by 4 leaves o or 1, the under when it leaves 2 or g.

«th successiye value of p=p—=. Lq, note the values s, s, s,

()
. S
&c. I call successive sums of s, and s= + —
2 sine of Lg2l™

s(ar-—l)

mﬂ'-—l

Corollory 11. If A, B, C, &c. A/, B/, C’, &c. A”, B”, C”, &c.
&c. be put for the series of the 1st, ed, gd differences &c. of
the series a, b, ¢, &c. taken according to the common method
of differences, we shall have the series
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a, a', V', c’ &c. the same as the series a, A B, C, D, &zc.

, b, ¢, &c. - - - A, B, C,
N . 114 ;
a, allf, blll’ clll, &C. - - - a alll bl’l. A s B/I, &C.
a, aiv, b, v, &c. - - = aav, b, v, A", &ec.
&c. &c. &c. &c.&c. ' - &c. &c. &ec. &c. &c. &c.

This is evident by taking the differences by both methods,
and comparing them.

Cor. 1. Likewise if A, B, C &e. A, B’ C, &c. A", B”,
C", &c. &c. be put for the series of the 1st, ed, gd, &c. dif-
ferences of the series a, @/, ¥/, ¢/, &c. found by the common
method of differences, then shall the series

a, &', b, ¢, &', &c. = a, A, B, C, &c.
a, a", b, ', dv, &. = a, o', A, B, &c.
a, av,bv, cv, dv, &. = a, av, b, A”, &c
&c. &c. &c. &c. &c. &c.  &c. &c. &c. &c. &c.
These things bemg known, we shall now propose some
“examples of their use.

Example 1. Requlred the sum of the mﬁmte series sine of
pz+ sine of p-q.24 sine of pF2qz+ sine of p3¢.% &e.
Here a, b, ¢, &c.=1, 1, 1, 1, 1, &c. Jtherefore s’ or 5. sine of

a,a',b ,&c.=1, 0, 0, 0, 0, &c. } Zqz ==cos. of p’z==cos. of

cos. of p—1q.z
2 sine of £qz °

p—=Lqz .. the sum s=

Cor.1." If p and q were each =1, we should have, sine of

cos. of £z
2 sine of Iz

% sine of 2z sine of gz &c.= 1 cotangent of 1=.

Cor. 11. If p were =1q, we should have sine of pz—+ sine of
cos.of p—p.z __ 1°
z2sine of pz 2 sine of px

gpz+ sine of gpz &e.=
of pz.

=  cosecant
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Ezample 2, Required the sum of the infinite series, cos. of 2z

+-cos. of n4-qz-cos. of nt2q . = &c.

Here writing # in the room of p’ we have

a, o', v, ¢, &c.=1,1, 1, 1, &c. }therefore s” or —s’. 2 sine of
a,a", b, ", &c.=1, o, 0, 0, &c. }%qz == sine of p"% = sine of

n—Ziq.% .. s' the sum = — sine of n—3q . =
2 sine of gz

Cor. 1. If n=1q, we shall have cos. of nz+ cos. of gnz -

sine of n—n.2

cos. of znz &c. = — ———~— =o0.
2 sine of 3¢z

Cor. 11. If n=gq, we shall have cos. of nz + cos. of enz 4

_sine of gz I
zsineof igz 2’

Ezample g, Required the sum of the infinite series, sine of
nz+ 4 sine of 74q.x-+}9 sine of n—-2¢.2-416 sine of n4-8q.2
&c. Here p=n
and a4, b, ¢, d, &c.=1, 4,9, 16, 25, &c.] therefore 5" or — s,

a,a,V,c, &c.=1,38,5, 7, 9, &c. ?m3=cos,

a,a’ b, " &c.=1,2,2, 2, 2,&C.[qf p"%cos. ofp_——"” Tq
a, a///, bm, CI”, &C.:l, 1,0, O, O, &C )

-cos. of gnz &c.= —

.x=cos.of n—3q.2
+cos of n— Lq . %, and therefore s the sum = —

cos, of n—3¢g . z--cos. of i—%g.z
2 sine of £gz|

Cor. 1. If n=%q, we have, sine of nz--4 sine of gnz+g sine

cos. of —2nz4 1 cos. of znz41
of snz & = — —mm—m = ——————r =
2 sine of nz)? 2 sine of nz)

versed sine supplement of zuz

2 sine of nzi3

Cor. 1. If n=q, we shall have, sine of nz4-4 sine of 2nz

e 1
cos. of —LInzcos. of Inz 2 Cos. of 3hx

+ 9 sine of gnz &c.= — 2 sine of Znz)' = T Zsine of 2nz)*»
because, cos, of — nz ==cos. of 4 nz.
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Scholium 1. It is evident from Cor. 11. and 111. Zheorem 1.
that if the coefficients of the sines (a, b, ¢, &c.) or of the co-
sines (a, ', V', ¢/, &c.) be such that any order of differences
taken according to the common method becomes = o, we
shall then have the corresponding value, of the successive
values of s, §', s”, &c. expressed in finite terms, and we shall
consequently get the value of the series sought expressed in
finite terms, and likewise all the intermediate values of s, s”,
s", &c. contained between s and the said corresponding suc-
cessive value of s, expressed in finite terms; hence if the
values of a, b, ¢, &c. or of a, a', V', ¢!, &c. be respectively equal

o P Perdbh  r.rdbh.r42b
to — = e

78 t.t+bg’ t.T4+b.tf2b
values, and r—¢ a multiple of %, we may obtain the sum of
the series,

In order to prove this, I shall put r, , r, &c. to represent
T 2 g

&c. r, b, t, being all affirmative

r+h, r42h, r4gh, &c. t, ¢, ¢, &c. for t+-h, t42h, t43h, &e.
2 2 3 .

YrY e 7 T e ¥
then will the increment of ——— =~ ad
eetref2 ety e efof1

| S 3 el ol suee ¥ i o R
—r+1 et 1 2 v X — r—t—:h 1
=3 X T o Lt = TTixeh Tt

€ eI efhvpI ’ e+ 1 efvI

123 v
be expressed by i
123 ] : )
number,) this term we will call T, therefore we have, from

MDCCCVI. X

. &> (v being a whole positive
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ARTITR 4
what has been just shown, T =" . g, -t Te= 3
1 vt 1
¥ oeere 7 LARYTIT o
r-—t—- v r—t r—t—b r—t—25» v
gxt..t ’.T_“ t " t+h " t2b & X t_&c'
2 v}z e 3 3

t—t r=t—b r—t—2b
Ty ey &ec.

and the ¢th increment or difference =

7 cesee ¥
v T=izimt By ——— which, it is evident, will be
tge—1.h . e

equal to o. If r—¢=e—1.h whatever » may be, that is, what-
ever term of the ¢th order of difference be sought it will be
found equal to o; the truth of this will be likewise evinced
in particular cases by the following examples. «
Ezxample 4, Required the sum of the infinite series, 3 sine

of pz+ 34 sine of p4¢ . 2+ 23 sine of p¢ . = &e.

1.2.3

—3 34 345 3456 o
Herea, b, ¢, d, &ec.= T2 123 1234 &e.

234 2345
2. 3’ 1.2.3.4° &c
a,a”, b, ", &.=g, o, 1, 1, &c.

‘b emy &eo=g,—3, 1, o, &c.

' 2-3
a, a, b,, ¢, &C"‘B, T2’ 1

III

therefore s” or — s. 2 sine of +gz\'= g cos. of p"¥ — g cos. of

p"'+q .2+ cos. of p'4-2¢z .. s the sum = ['g cos. of p"z—

g cos. of p"fq.z+ cos. p"+2q. %]+ — 2 sine of 2¢. 3=
3 cos. of p—3g z—13 cos. of p—Zq.x-+-cos of p-pig.2

~—2 sine ot 1qz\ ‘

Note. The series might have been written thus, g sine of

p%+6 sine of pt¢ . x4 10 sine of p+ ¢z . &c.
Example 5, Required the sum of the infinite series, %— cos. of

nz-{--———cos of nt gzt S 5 cos. of nt-eqx &c.
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Here p': n, therefore,
6 567 5.6.78 5.6.7.8.
, &c.=—s, 58 567 5678 56789
37 34 345 34567 34567 &e
2.5 2.5.6 25.6.7 25.6.7.8
> 347 345 3456 3.45.6.7° &e. 9
—2.5 2.5 256 2.5.6.7 &c

a, a, b,

a,a’, b, c', &ec.

If

[AY

a,a", b, ", &c.=5
i R 37 34> 345 34567 34567
a, av, b, v, &c.=%, ";’: y 1, o, o, &c.

therefore siv or s'. 2 sine of 39%|’=7% sine of p'z— % 5 sine of
Pt q .z+sine of pivfe2q . %, and therefore s’ the sum sought

— S sine of pivz—3 sine of¢1"+q.z+ sine of piv }2q.%
- 2 sine of %qu

— § sine of n— Lg.z+4-sine of 7 1q.z]: e sine of £¢3".
Note The serles 1n1ght have been written thus, 45 cos. of

n*/-I— cos ofn+q 24 ; —--cos of nt2gz &c.

=[S &j — 3
=[$ sineofn—3q.%

% sine of —2znz—3 sine of o sine of 2nz
Cor. If en=gq, s’ becomes = + =
z.sine of nz)’
_3 sine of 2nz __ 4 sineof nz ..cos.of mx 1 cos. of nz . for the
2 sine of 72)3 3 zsine of nz|’ © Sine of nz)*

. c6 Ve
sum of the series, £ cos. of nz+- -3—4- cos. of gnz+ %7‘;% cos. of
. 4.5 5.6 6.7
5nz &c. orits equal, cos. of nz- =— cos. of gnz 7~ cos.

of snz &c. .. "_z.f’_s—°—f—"§ ==4,.55 COS. ofnz +45.6. cos. of gnz &c.

sine of nzl
Scholium 1. It is not always necessary for the differences

of the coefficients to become equal to o to obtain the sum of
the series, as will appear by

Example 6, Required the sum of the infinite series sine of
pz+g sine of p4q.x4g* sine of p+2gz+tg* sine of PF3g
&ec.
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We have therefore
a, b, ¢, d, e, &c.=1,g, g% g’ g &c.

a,a', b, ¢ d,&c.=1,g—1,8xg—1,8'xg—1,8°xg—1,&c.

a,a" b, ", d"&c.=1, g —2, g—1°, g .g—1|> g".g—1|",&¢.
Consequently, s” or —s . 2 sine of Zgz|'= sine of p"z4-g—2 -
sine of p"+ q. z+4 g—1)". sine of p"+ 2q.z 4 g—1". g sine of
"+ 8.2 &c.=sine of p—q.z}g—=e.sine of pz+g—1)°. sine of
p+q.x+g—1I. g sine of pf2q.x4g—11% g" sine of pf g9

&c. but, s==sine of pz-}-g sine of p+¢q .x+g sine ofp-{—g,q.z
&c. Consequently, by multiplication, division, and transposi-

tion, g—1l" sine of p4¢.z+g—1|"- g sine of p+2q.2+4+g—1| g*
sine of p+3q 2z &c.=s. _i._;.ﬁ-—é—gi\z. sine of pz, consequently

the above equation becomes by substitution s” or —

2.sine of Lqx| ==sine of p—q.z}g—2 sine of prE= \
m
g

.sine of pz, therefore, s the sum requlred =

sine of p—gq. 24 g—2—g—11% sine of pz
T __ —gsine of p—g.x4sine of pz
—Z—1""—2 sine of iqa" g4 1—2g cos. of gz ?

and

g
by similar means, we have the sum of the series, cos. of Pz

+g cos. of p+4qg.24 g cos. of p+4 2¢.2 &c. =
~—gcos. of p—g.x+ cos. of pz
g*+41—2g. cos. of gz -

Scholium 111. Hitherto we have been considering, a series
of sines and cosines, whose terms have all the same signs;
but if the terms of a series proposed were alternately positive
and negative, it would be necessary to divide them into two
series, the one of the positive term and the other of the nega-




by a Method of Differences. 157

tive ; in order to get the sum by Theorem I.  But the sum of
a series whose terms are alternately positive and negative,
may. be obtained from the sum of a similar series, whose
terms are all positive by a mere substitution; thus if the

sum of the series, a sine of 7z— b sine of 7 4 s . ¥ 4 ¢ sine of
r+42s.z—&c. were required, put 72=180"—pz, and sz==180

—qz, therefore the sine of 7z= sine of 18o°:-7>z=s‘ine of pz,

sine of r4-s.2= sine of 860" —p+q.2= — sine of p-4-¢.%, sine

of r4-2s . z==sine 540°—p-+2¢ .z==sine of p+2q .z, &c.; and
consequently the sum of the series, a . sine of 7z — b. sine of

r=s.2-c. sine of r42s.z— &c.= the sum of the series, a sine

of pz-}-b sine of p+4q . x-4c sine of p42¢ . &c. ; and by the
like substitution may the sum of a series of cosines, whose
terms are alternately positive and negative, be deduced from
the sum of a series of cosines, whose terms are all positive :
all this requires the functional values of p and q to be distinct,
otherwise the substitution cannot be effected; but the said
sum may be deduced at once by the following

Theorem 1I.

If there be a series, a. sine of pz—b. sine of p+q.x+c. sine
of p+2q . z—d . sine of p}3¢ . % &c.=s, then shall
a.sine of p' z—a’. sine of p'+q.2+V'. sine of p'+ 2¢.% &c.=s’
a sine of p"’z—a" sine of p"+ ¢q.x4b" sine of p"}2¢.% &c.=s"

a sine of p"z—a" sine of p"+Fq.x-}-bv sine of p"+2q.% &c.=s"
&e. &e. &c. &e,
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And if the series be,

a cos. of pz—b cos. of p-q . z-}c cos. of p-2q . ¥ &c.=s,
then shall,

@ cos. of p'z—a’ cos. of p4q .zb' cos. of p'-2q.% &c.==s'
a cos. of p"'z—a'' cos. of p4-q.24-b" cos. of p"--2q.% &c.==s"
&c. &c. - &e. : &e.

a,a",a", &ec. b, 0", 6", &e. ¢, ", ", &c. &c. being formed

from a, b, ¢, d, e, &c. as in Theorem 1. p', p, p"’, &ec. likewise

as in Theorem 1. s'=2s . cos. of . Lqz, s"==2s'. cos. of .§¢x, s"'

==25". cos. of Lqz, &c.

First, if a sine of pz—>b sine of p4-¢ .x-¢ sine of pF¢.% &c.
=s, by multiplying by ¢ cos. of £g%, by lemma No.II. we
shall have a.sine of p—1Xq. z4a. sine of p+4Lq.z—b.sine of

P4-Lq.2—b. sine of p-2q . %+-c.sine of p2q .z &c.=s. 2 cos.

of 3gz; consequently, putting b—a=d', c—b=b', &c. p— 3¢

=p', s'=es cos. of Lqz, we have, a sine of p'z— a' sine of
P Fq . %+ sine of p'42¢ .z &c.=s', which being exactly si-
milar in form to the original series, the other series will be de-
duced from this by continually proceeding in the same method.

Again, if a. cos. of pz—b. cos. of p4-q .z-+c. cos. of pF2q .=

&c.=s, we have by multiplying by 2 cos. of 7qz by the help

of lemma No.III., a cos. of p'z—a’ cos. of j/-~Fq.z-4b cos. of

P'F2q . % &c.=s, which being exactly similar in form, to the

original, we may obtain the other series, which are likewise

similar in form by the same mode of proceeding.

Cor. the #th successive value of s==s.2 cos. of 4¢z|", the #th
wth successive value of' s

2 cos.0i 1g2]"
Ezample 1, Required tae sum of the series, sine of pz—

successive value of p=p—au .3 ands=
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sine of p-q.z-} sine of p4-2gz— &c. and likewise of, cos. of
pz— cos. of p4-q .2 cos. of p-2¢.x— &c.

‘Herein both, a, b, ¢, d, &c.=1, 1, 1, 1, &c. |therefore, in

a, a', b, ¢, &c.=1, o, 0, o, &c. }t_h.e first se-

ries we have, s’ or s. ¢ cos. of 2qz == sine of p'z and .". s =

sineof pz __ sine of p—igz : . .
e of s Zeos ol Lew and for the second series we have, s,

or, 5.2 cos. of 2gz==cos. of p—%q.z, and therefore, s =

cos. of p—r1q.z
2 cos. of zgz
Cor. 1. If p=¢q the first series will be, sine of pz— sine of

. sine of p=
2pz- sine of gpz &c.= mgg

the second, cos. of pz —cos. of egpz - cos. of gpz &c. =

I
cos. of —Ipx ¢
2.cos. of pz 2°

Scholium. Though we have given two theorems, the one
for a series whose terms are all positive, and the other for a
series whose terms are alternately positive and negative ; they
are both ti_‘ue' whatever the signs of the terms be, provided
that proper signs be used in the operation; that is, if any
term should have a contrary sign, to the sign of that term
contained in the enunciation of the theorem used, then a con-
trary sign must likewise be prefixed to it in the operation;
thus, for instance, if for a series whose terms are all positive
we should use Theorem II. or for a series whose terms are
alternately positive and negative we should use Theorem 1., for
a, b, ¢, d, &c. we must write a, —b, ¢, —d, &c. and therefore

=4 tangent of 7pz, and

a, d, b, &c.=a,—a+b, c+b, —d+c, &c.=(suppose) a5 —a, b, —c,, &c. .

a, @'y by &c.mma,—a,4+a,b,4a, —C,4 by &c= - - « = & —a, bj) —c,; &e.

a, a”‘, bw: &C':a)'—a,,‘["a: b,,+a”;—0”_+ b”, &Cimm m o w - - &c.
&c, &c. &c. &e. &e, &¢. &c. &c. &c. &c.
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and consequently we shall get new series, the coefficients of
whose terms are formed from the coefficients in the preceding
series, by addition instead of subtraction ; and may be of good
purpose on some occasions. And if we alternately use these
theorems the operation will be pérformed by alternately
taking sums and differences; and this will amount to the
same as taking the differences of the alternate terms, begin-
ning always with two noughts: but, for the more readily
comprehending this, we shall offer a theorem which more-
over is the first of these theorems I discovered, but previously
thereto shall propose |
Example 2. Let the series be either of these, sine of pz-4r

sine of pt-q.z+r. T sine ofp-}-zq z+r. r"" ";z sine of

p+8q.2+ &c., cos. of pz-+r cos. of p+q z4r. 2 cos. of
pteq.z+ &c., sine of px—r sine of p+q,z+r.-—— sine of

p+eq.2— &c. or, cos. of pz—r cos. of p+q.24r." 1 cos.
of p+2q.z— &c. r being a whole positive number, the terms
in the two first series all positive, and in the two last alter-
nately positive and negative.

The coefficients being,

Of ist term. 2d. gd. 4th. o sthe
. r41 r4+1 r+42 r+1 r4z 143
1, 7, r TS r .——Z—.T, T'T'T'—’&C"

the first differences

od differences

Vo2 Vom2 Foml §Foe2 =1 7 FonZ Femld 7 71
et .
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gd differences

Of st term. ad. 8d. 4th. 5th,
P o Y Vo2  oem Tom2 Fom] o= Prm2 Vel r
1,._._...?!’._._3 .__....’...._.:_; e ......’_.__;,’...,......._._....‘...._ &t
1 1 2 1 2 3 1 2 3

And in general, ~th differences

— ft Flm ] Tt Femmee]  Peegre?
1, 00% =F =P TF 222 &c. to be con-
1’ 2 1 1 3

tinued to =1 terms, and the remaining terms will be the

—— R r 2 r41 r. r41. r42
x4 1th term multiplied by e e Rt e d el &c

and consequently if = be == 7, all the terms of the »th diffe~
rences except the first will vanish. Hence we have by Theo-
rem 1. and its Cor. 1. the sum of the series, sine of pz-r sine

. sineof p—trg. 2

of FTg 2+r. LEE sine of pFag. v+ &o. = == T Temcotigd

cos. of p—irg.z

if r be even, but + ——=—=-=22_if 7 be odd, the upper signs

2 sine of gz}
to be taken when 7 being divided by 4 leaves o or 1, and the
under signs when it leaves 2 or g.  And the sum of the series,

cos. of px--r cos. of ])—{—q.z-}-r.iﬂ cos. of p+2q. 2+, &c.

o . Si0C "ff”“"[ = if 7 be odd, but + L52LLZ02 i eyen, the

- 2 sine of ¢\’ 2 siug of +q=)

upper signs to be taken, if 7 leaves § or o when divided
by 4, and the under if it should leave 2 or 1. In deducing
the sum of this series from the said Cor. it is necessary to

put p43q for p and r 4 1 for the » used there. The sum of

the series, sine of pz—r sine of p4¢ .z+r.‘——j—- sine of p4-2q

: ine of 5—Irg.
. &=, &c. by Theorem 1. is = S22 L2212 . and the sum of
2 Cos. of 294

the series, cos. ofpz-—r Cos. ofp-|—q z—{-r.-——— cos. of p-}2q

f -1 P
.% — &c. by the same = Ei’f_f’l_.ﬁi.f.,
2 ¢0s. of - g}
MDGECCVI. Y
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Corollary. Because sine of pz ==pz— Ef.;"*_’ 4 L2 &e. sine

2.3.4.5

of pFqz=p+q.%— —~ 3 ;2,—3-?5 %, &. sine ofp-[—eq.z
P+ q. X — m 3+ Z-;:’IS 2 &c. &C and m

S iw_:_m_“ =1 4 Az 4 Bz* 4 Cz°, &c.

Where A, B, C, &c. stand for the coeflicients of the multi-

: 192 ) Tegtat
nomial, 1 — H— 2 Wt &c. raised to the —r power, and
consequently r only concerned in them by pure powers ;
p—%qr\’.z3+p—§;qu5.zs
2.3 2.3.4.5
&ec. the value of sine of p—=Lgr. %, we obtain from the equation

hence this being multiplied by p—L¢r.z —

sine of px—r. sine ofp-{-q.z-{-r.fi—l- sine of p+42g9.%, &c.

= Sneofp—iyr = , the series p—r. pq+7. == . pH2q— &C" %

"z cos. of 1yz|’
—p—rptq+r. = pteg~ —r.p g4
r+/l . s j;_.% -1 r\l 2.3A-——-———1{
Pt \‘—- &l 2, se= ,,”'z—*” ,f’ P =37

+1’ 45A qu—-—-—- p-——fj o &, the

law of continuation bemg evident in both series, consequently
by comparing the homologous terms we obtain the sum of
oq~—r. fl"——z' 5—4323.p-{:3q &c.

3
__ p—1gr 3 r+r __ P—3qrp
===, of p'—r.p4ql +r. —/ .p+2q! &c. = —7;-—~

_..3-‘—. —+4gr, of the series p*—. P q! +” P — &e.

the series

1,5 —
""P_““::q “A'P 29’}+2345B.p Lgr, and so for the

zr

ather odd powers, 7 being only concerned in these expressions
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by pure powers, and by similar means we may from the

equation, cos. of pz—7.cos. of p=j~g . x4-7. L‘L-l cos. of p-4-2¢.%

cos. of p—2
&c. = Z2L=29 ohtain the series 1—r 7.
2 cos. of £gz|”

&, —pr—rpFqir. EEpaqr—&e. o p—r pgi

Torlr _y 2. o
T egi—te) Bt a:%gf_u___l..z_ﬁ =

123 ‘1.z

r+: kL ke
2 '3

—Lort—3.4.Ap—Zor* 4 1.2.3.4.B 4 .
i kS z,qr[ R LA ;and consequently by again
2 1.2.3.4

comparing the homo;egous terms, we find 1—7r, ﬁ-‘- —r.

r+x r+2 e
~ &e.=

Tj‘ﬂ'&'ﬂ*-— Soms=IEZ1R o g T

&e. = p—3qr|*—3.4 A p—Lyr["+ 1.2 3.4.B

>
powers, 7 being only concerned in these expressions by pure
powers.

Hence 7 being a whole positive number, the sum of the
sexies, p—rp-Fq|*+r. B pragl—r . S 2B &,
m likewise bein a whole positive number, may be always

—, as it is well known to be, p*—7 . pf-q|'-4-r -

, and so for the other even

expressed by — x by a series of finite terms of pure powers
of 7 whose coefﬁcmnts are given, of the form a--brd-cr &c.
Ps ¢, and m being given values, and a, b, ¢, &c. determinate
values independent of 7; merely by comparing the coefficients
of the homologous powers, of z, in the two equations of the
series above. Now if we can prove that the same expressions,
derived from the comparison of the coeflicients of the homo-

logous powers of 2, give the sum of the series p"—r. pJ-g|”
4-r. '»—3:—1 . p-+2q” &c. whether 7 be a whole positive number
Ye
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or not, it will follow that the series, sine of pz—r sine of

3 I
sine of p—Zgr.x

P+ q.24r."F sine of p4-2q.z &c. will be equal to

2 cos. of Zgzl"
. rurmm 71 :
and the series, cos. of pz —r cos. of p4q.zr. —'-:- cos. of

cos. of p—2Lgr.z

24. ===
P+ qz&c z cos. of Zgz\

number or not.
And in order to prove this requisite, we shall first premise

that if we have the sum of the series pr—r. pFqrr
Ppeq"— T'H.T"H'. p+3q]" &c. whatever » may be, (m, p

and ¢ being given quantities) expressed by a scries, -} %

whether » be a whole positive

ALBr4-Cr* &c. of finite terms in which the jfunctional values
of p and r are distinct, A, B, C, &c. being given quantitics
independent of r, we may likewise find the sum of the series

P prg " e T p g™ &e. for this series s
equal to pp"—rpAg pAq+r. = pFeq . p o &e.=p x

v m {’” '_—'—“—\V”+
— .”fz o 4ql”‘ &e. but pr—r.

—e r+1 = n
P ——. o

and if in this we ‘vvrité r=-1 for r and p--q for p, we shall
have the sum of the series pf-g|"—r—-1. p-2g|"Fr--1 = Itz

,p+3qi"’ &C.:;,.—‘_!_‘_‘; X AI+B,.7'+1+CI.7”+1\ &c, A, B, C, &c.
standing for the values that A, B, C, &c. become by writing

P-q for p; and this may evidently be reduced to an expression
of the finite terms of the form ;l- x A'-B'r4C'r* &c.and con-




by a Method of Differences, 165

)

sequently will the sum of the series p™+'—r . poq|+i14r,

-r-'—:—l- : [)+2qlm+l &c. be == the expression ;L x pA-}-pBr-pCre

&c.—qA'r—qB'r* &c, of finite terms. This being proved, it

follows, because the sum of the series p”—r. p+g]”’—[—r.t:—-l- .

p2q” &c. when m is equal to o, is equal to 1—r--7. rj‘

&c.=, by the binomial theorem, 2-'7, whatever » may be, that

[——

the sum of the series p—r.p--g-r. == p4-2¢ &c.namely, the

2

said series when m is equal to 1, may be expressed by 2-’- X a
series of pure powers of 7 of a finite number of terms what-
ever 7 may be, and comes out by the bye = x p— Zgr, the
same as above, and consequently by writing 1, ¢, 8, 4, 5, 6,
&c. one after the other for, m, we shall find that the sum of
the series p’”—-—r.mm-]-r. r—-j—{ ﬂ-?q,"’ &c. may always be ex-
pressed by ;'— multiplied by a series of finite terms in the form
A4Br4-Cr &e. A, B, C, &c. p, ¢, m, &c. being independent
of 7; and m a whole positive number. And these will, we shall
prove without running through all the infinite cases, be the
very same expressions as those given above, by comparing
the coefficients of the homologous powers of . In order to
this we observe, since we have just proved that the sum of

. . 1
the said series, whatever 7 may be, may be expressed by — x

series A-}-Br-+Cr* &c. of a finite number of terms, and from
the comparison of the homologous powers, that when r is a

whole number it may be expressed by zi x value a--br--cre
&ec. of a finite number of terms, it follows that when r is any
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whole number, that these two values must then be equal to

cach other, and .-. that A-}-Br*4-Cr* &c. containing a finite

number of terms must be then equal to a<-br<-cr® &c. con-

taining a finite number of terms, and consequently the highest

power of 7 and its coefficient must be the same in both series,

otherwise by increasing r by the same in both, one side of
the equation would become greater than the other, which is
absurd ; consequently the highest power of r and its coefficient

is the same in both, and will destroy each other, and conse-

guently the next highest powers of r and likewise their

coefficients must be the same with each other, and will there-

fore be destroyed, &c. Hence the powers of r and their

respective coeflicients being the same in both, the expressions

themselves must be the same in every respect, whether » be

a whole number or not.

Hence we have not only given two different means of sum-
ming the series p"—r . p-q|” &c. (m being a whole positive
number ) whatever 7 may be, which indeed was not our chief
object, but we have likewise proved that the series sine of

px—r sine of pfrg.x &e.== SLLL=5"% and the series cos. of
: z cos, of 1q2|

pr—r c0s. of porq.z &c.= L2 whatever r may be, the

2 cos. of 3qzf’

same as LANDEN finds.
Cor. 11. Because these two series are equally true, whatever
p may be, if for p we write gr—p throughout in the first we

REs
shall have, sine of qr— p 2z —71 sine of r+1 q—p . 241,
: sine of lgr—p.z sine of p—Z¢rz
sine of r<-2.g —p.g &C.om = = — ———— -
’ + q P 2 cos. of 2¢z] 2¢0s. of £¢|

Consequently sine of gr—p.2—r sine of r41¢—p .2}~ &c.
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== — sine of pz - r sine of p + ¢q.x —, &c. and from cos. of

Pz —71 o8, of p I ¢ . %, &c. == LULZHUE by the Tike sub-

2 cos. of 1gzf’
stitution we get cos. of gr— p.x—r cos. of 7'+ t.gq—p.24r-

£ cos. of rfa.q—p.2&e. =(

cos. of dgr—p.z __ cos. ofp-— Lor.z )
zcos. of Lgz| 2 cos. of Lgz|’

cos. of pz —r cos. ofp‘—}- g.% 4 r.——cos. of p 4 29.2 &,

and these by Cor. 1. are true, whatever 7 may be.

Cor. 1. If p be = —;— qr we shall have, cos. of % g7z — 7 cos.
cos. of o

of tg.rFe.z4r. " cos.of Lg. 7+ 4. 2 &e = =

2 ¢os. of 3¢=|”

—
—_—

— -, or if A be written for 4z we shall have, cos.
z cos. of qz"

of rA—rcos.of r42A -+ r.»’—'zl’—l cos. of 74 4. A — &c.

1

- which is the same in substance as SiMPSON’s

—
—

2 cos. of A
lemma, page 6% of his Tracts.

Cor.1v. If we put pz = 180" — 1z, gz = 180° — 52 we shall
have according to Scholium 111. at the end of the examples to
Theorem 1.

; . 0 r41 . o S —
sine of fz 4 rsine of t 45.z4 7. ——sineof £ + 2.z &c,

sine of 180°—iz—3r. 180 — sine of go® t—1
p— e P TR 2T 25 % and — cos. of
2 Cos, of go° — 4 x|’ 2 sine of £ sz}
; z , 2
tg — r cos. oft+s.z-—:«‘.-—'-f—-cos. of t 4 2s5.2&c =

cos. of 180°—tx—-2r. 180°—sz cos. of Qo t—Irs.z

. cos. of tz 4 r

2 €08, Of 90°— Lsxl” 2 of sine sz[

cos. of go° r+t_-rs P

cos. of t 5.z 47 Ll cos. of £ F es. 2 &c. =

2 sine of % szl|”

and if in these r be a whole number, and p and ¢ be written
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for ¢ and s, we shall have the results determined above,
Many more corollaries may be derived from these.

Theorem 1I1.

If there be formed a series of terms

a, b, ¢, d, e, f, &c

a, b, a, ¥V, ¢, d, &c.

a, b, a", b", ", d"’, &c.

a, b, ", ", d", &e.

&c, &c, &c, &c, &c, &c, &c.
The terms of each series being formed from those immedi-
ately above, by taking the alternate differences of the terms,
always beginning with o, o; that is, taking o from the 1st
term, o from the 2d term, 1st term from gd term, 2d term
from 4th term, &c. in any of the series, for 1st, ed, gd, &c.
terms of the next series. And p’ be put = p—q, p"'=p'—q,
P'=p"—q, &c. s'==s5.2sine of gz, 5= —3s". 2 sine of ¢z,
s = s" . 2 sine of gz, s"=— §"'. 2 sine of ¢z, &c. I say if
there be a series a sine of pz - bsine of p 4~ ¢.% -+ ¢ sine of
}_—{t—é_q . 2 - d sine of m .z, &c. =35, we shall have,
acos. of p' z 4 b cos. of p’ 3.2 4 a' cos. of p” + 2¢.% 4 b’ cos.
of p + 8¢.%, &c. =3+
a sine of p"z 4 b sine of p" + ¢z 4 4" sine of p”+ 2q. % + b" sine
of p 4 gq.2, &c. =", &c.
For multiplying the first of these by ¢ sine of gz, by help

of lemma No. I. we shall have, a. cos. of p—q.% — a. cos. of

2+ q-% 4 b.cos.of pxr—1b.cos. of p+ 2q.% + c cos. of p+4 ¢
«x=—ccos.of p 4 3¢.2% 4 dcos.of p 4 24.x—dcos. of p+444q
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iz 4 ecos. of p + 3¢. %, &c. ==s5. 2 sine of gz, therefore put-
ting a'=¢ —a, b'=d—>b, ('=¢—c, &c. p'==p—q, s'=s. 2 sine
- of gz, we geta cos. of p'z4-b cos. of p'F ¢ . 2 -+ o' cos. of p'f-2¢
.% 4 b cos. of p + 8¢.%, &c. =+, and multiplying this by
2 sine of ¢z, by help of lemma No. II. we get a. sine of p'4 ¢
% = asine of p'—gq. % -4 b sine of p'4 24. x—b sine of p'z-4-a’
.sine of ' g¢.% — a’ sine of ' ¢.% 4 b’ sine of p'F 4.2
— b'. sine of p’4 2¢. 2 &c. = +'. 2 sine of ¢z, therefore putting
d—a=a", '—b=0V, ' —ad =" & p'—g=p", —".
2 sine of ¢z = s" we have, a . sine of p"z + b..sine of p"+ ¢. »
+ a". sine of p" - 2¢.% +} b". sine of p"4-8¢.% &c. = 5", which
 being exactly similar in form to the original series, the suc-
cessive series, which will be of a similar form to the second
or first of the series, will be deduced by the like operations
and substitutions. Q. E. D.

Corollary 1. The mth successive value of s is=s. 2 sine of ¢=I"
or + s'. 2 sine of ¢z|""', the upper sign to be taken when =
being divided by 4 leaves o or 1, otherwise the under sign
and the =th successive value of p =p — =.q.

Corollary 11. These operations are performed by differences
whether the signs be all positive, or alternately positive and
negative.

Ezxample 1. Required the sum of the series # sine of pz--
7 + rsine of p + q.% 4 7 + or sine of p + 2¢. % &c.

Here a, b, ¢, d, &c.=un,n+4r,n42or,n4gr,n+ 47, &c%

a,b,a', V', &c.=mn,ntr, er, er, er, &c.
a, b,a", b, &c. = n, n-r, er—n, r—n, o, &c.g
. $"== — 5. 2 sine of gx|'== 7 sine of p"z + 1 4 sine of p"F-q
MDCCCVI. Z |
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.z + 2r—n sine of p”+ 2¢.% 4 r—n sine of p"+ g7.z .. by
restoration and division we have s the sum = [% sine of p—2g
.z 47 rsineof p —q.% - or — n sine of pz 4 r— 7 sine
of p+ q.2]+ —2 sine of ¢z': had we used Theorem I. we
should have gotten a more simple valuation; namely, s ==

nsineofp—g.z 7 —nsine of % hich is reducible to the other by

multiplying the upper and under terms by 2 cos. of Lgz| by
help of lemma No. II. and III. Had the terms been alternate
positive and negative we should have had

a,b, ¢, d, e, &c.=n,—n+r, n+2r,—n+3r, n—+4r,&ec.
a, b, o,V &c.=n,—;;:{-—7, + er, — or, 4+ or, &c.
a,b, a" b, ", &c. s ORI Y ) Sy S o, &c.)
and therefore s = [ sine of p—2q.%—n - 7 sine of p—q.x 4
ar—n sine of pz —7—n sine of p4q.%z] -~ — 2 sine of qz|.
If we had used Theorem 1. we should have obtained s =

# sine of p—gq . ¥—r—n.sine of pz

which is reducible to the other by

2 cos. of £gz|° ' o
multiplying the upper and under terms by ¢ sine of Lgzf, by

help of lemma No. I. and II.

Theorem 1V,

If there be a series, a . sine of pz-4b. sine of pf¢. x—c. sine
of p+2q.x—d.sine of p43¢.z + &c. ==s or a cos. of pz
-+ b cos. ofm.z——c_ cos. of p+2¢.% —d. cos. off-l-:éq_.z
+4 &c. =s the signs of the terms changing alternately two
by two; then in the first case



by a Method qf Differences. 171

« sine of p'z + b sine of p'+ q.2— a’ sine of p' +2¢.% — b sine
of p'+ 9.2 + &c. =+
a sine of p"z4b sine of p” 4 ¢. z—a" sine of p”"J-2¢4. x—b" sine
ofp”+3q z 4 &c. ="
&ec. &ec. &ec. &ec.
and in the second case |
a cos. of p'x4 b cos. of p'+ ¢.¥—a' cos. of p'F 2q.z—b' cos.
of m z 4+ &c. =y
a.cos. of p"z+b cos. of p”+q z—a" cos. of p" 4-24.2—b" cos.
ofp"-}-gq z 4 &c ="
&e. &c. &c. &e.
where the terms a, b, o', V', ¢, &e. a, b, a b”, ¢, &e. &c. are.
formed by taking the alternate differences, as in the last
theorem ; p/, p”, p"', &c. likewise as in that theorem, s'=3s.

2 cos. of gz, s"= 2 cos. of ¢z[", s"'=2 cos. of gz|’ &c.

This is plain by multiplying the series continually by 2 cos.
of gz by help of lemma No. II. for case 1, and lemma No. III.
for case 2.

Example. Required the sum of the series, sine of ¥ 4 sine
of 2z — sine of gz — sine of 42 4 &c. |
Here p=g=1a,b,c, d, &c.=1,1,1,1,1, &c. } s=s.

a,b,a', ¥, &c. =1,1,0,0,0, &c. J2 cos. of z

== sine of oz } sine of z .. s = zs’c'z-—%%

Scholium 1. As the two first theorems depend on the

differences of the coefficients of the immediate terms or

omitting none, the two last on the differences of the coeffi-

cients of the alternate terms or omitting one term ; so we

may give theorems for the differences of the coefficients of
Z o
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the terms, omitting e, g, &c. terms; in fact, if r be a whole
number, and the terms of the series be all positive, or any
how positive and negative by sets, provided the same signs
return in the same order after every set, consisting of r
number of terms; by continually multiplying by 2 sine of
—qz, we shall get new series by taking the differences of the
coefficients of every term and the rth succeeding term begin-
ning with 7 number of noughts ; except indeed that the coef-
ficients of the terms will sometimes have the order of signs
interrupted, namely, when a greater value is to be subtracted
from a less. ,

But if every set should have the same order to signs con-
trary to those in the set immediately preceding, and conse-
quently every set omitting one set continually, have the same
order of signs, then by continually multiplying by ¢ cos. of
«£—qz, we shall get new series by taking the differences of the
coefficients of any term and the rth term from it.

Scholtum 1. 'We may by the methods above not only find
the valuation of infinite series, but likewise of finite series.

Ezample 1, Required the sum of the 7 first terms of the series,
cos. of nz- cos. of n+q z- cos. of n+2q z &c.

The series ad infinitum may be written thus, cos. of nz-l-—

cos. of n+q.z+cos. of nt 2q n42q.2 - - -~ < cos. of n-r—1 qz
4 cos. of n+ﬁ—._z-+ cos. of n4r41.q.2z4 &c. ad infinitum,
from which if we take cos. of n4rq.2- cos. of n+7-"-|——_;-c-lz

-+ cos. of n—}-r-}-;:—(}.z &c. ad infinitum, we shall have the
required sum ; the first of these by Example 2, Theorem 1.

sine of n—%q.z

= — e and the second by the same, by merely
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. . . sine of n+r-—l-;z
writing z-}-r¢ in the room of 7, is equal to — ——- pran

consequently the sum of the r first terms =

sine of n+r—-—q % sine of n—2%q =
2 sine of 39z

Cor. 1. If n=q=1, and rz the whole circumference of the
circle, we shall have cos. of 24 cos. of 2z cos. of gz ~ - -~

sine of 360°4 n—1q.%— sine of n—ZLq.z
2 sine of Z¢z

said to be used by LE GeNDRE in his inscription of a polygon
of 17 sides ; and if we have rgz= to the whole circumference,

we likewise have in general cos. of nz-} cos. of n4q.2 -~~~

T——

+ cos. of n+r——1 .q.%=0, and if n=1¢, we have in general
cos. of nz-f= cos. of gnz+4 cos. of 5nz+ &, —-mm- cos. of

sine of 2rnz
2 sine of nz’

Ezample 2, Required the sum of the series, cos. of nz—

=0, a theorem

-} cos. of rz=

2f—1 . nZ==

cos. of n4-q.z4 cos. of n4-2¢.2 ----- +cos of ndr—1.g.2
the upper sign to be taken if r be odd, and the under sign if

even.
The series is evidently the difference between the series

cos. of nz— cos. of n4q.z+ &c. ad infinitum and F cos. of

n4rq.z + cos. of ndr4-1.q.% &c. ad infinitum, by proper
substitution in Example 1, Theorem I1. we have their respective

cos. of n—ZLg.z — cos. of np7— £..% : —
sums ———-o=t - a and F ———— T and the difference ==

gt —I - i
cos. of n—£q. 2z cos. of nfr—Lq.z , the upper sign to be taken if r
cos. of 1gz

 be odd and the under if even.
Examples, Required the sum of the 7 first terms of the series,
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£ cos. of pz—tFv[* cos. of p+q.z+1+20 cos. of pt2q . 2—
I 4-gu[* cos. of p+ 892 &c.
Using Theorem 1. to find the sum ad infinitum, and expand-
ing the coefficients, we have,
a,b, ¢, d, &c.=0, i*}2tvtv, '+ 4tv4-40*, *4-6iv49v° 7
' *+8tv4 167, &c.
a,a, v, d, &=, 2tv 417, Vetv+3v’, ‘ otv4 517,
2lv4-7v*, &c.
a,a”, b, ", &c.=t*,—1*+42tv+4v*, 21", 27, ‘>
27°, &ec.
a,a”,b", " & =1t ,—el* 4 2lv4-vt, P—2tv41°, o,
| o, &c.J
Therefore s the sum ad infinitum = [t* cos. of F—_—ﬁ -z 4
2l —2iv—1r. cos. of p— 1q .z~4Et—uP cos. of pF 1q . 2] -
s cos. of Lgz[', but the sum of r first terms of the series is
evidently equal to the sum ad infinitum + the sum of the series
i 7o) cos. of prq.x—t+rF 1.0 cos. of p4+7r41.9.2+ &c.
adinfinitum ,whichisfound fromthelastby writing t4-rv for¢,and
p4rq for p, to be [i4rov]* cos. of p4-r— 3q.z4 2’ fer—1.etv
+er’—er—1.v*cos. of p4r—1q.% 4 t+47r—1.0 cos. of
p+r+1.q.27-2 cos. of 1gzf,, which added to, or subtracted
from, the value above, according as » is odd or even, gives
the sum of 7 first terms of the original series.
Cor. If z=o0, the cosine of any multiple of =z will be equal
~ to 1, therefore the sum of 7 first terms of *—i¢ +v[*4-¢ 429

g2t oty f—|
=l

&c. will be equal to 3 +

— R e B
tprolP 428 27— 12004 217 27 L 0P L — 10 12ty
8 —_—T XL
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J

1t 2r —1lU 12 =r.0®
+ -+ or —

- to be taken according as r is odd

or even, thatis, #*4-r—1.tv4 r—:——rvz if 7 be odd, and —r/v —

“=I.v"if even. And thus we might proceed to the discovery

of an infinite variety of theorems relative to the sines and
cosines contained between any two limits in a circle, and the
consequent inferences, the method being capable of a very
extensive application; but rather than tire the reader’s pa-
tience with what he may effect himself from what has been
already said, if there should otherwise have been any diffi-
culty, I shall propose

Theorem V.

If we have the sum of the series, a sine of pz--b sine of
p¥q.2+c sine of pF2¢.2+d sine of pF3¢.% &c. expressed
generally in terms of p, ¢, and 2, we may find the sum of the
series, @ cos. of pz-b cos. of p4-q.x+c cos. of pteq.z+d
cos. of p+ 3¢ .x &. expreséed generally in terms of p, ¢, and
z, and the contrary.

For if we put go°+4pz for pz in the series, and in the ex-
pression for its sum, we shall have instead of the sum of the
series, a sine of px-}-b sine of PFq .‘z-l—c sine of pf-2q.2 &c.,
the sum of the series, . sine of go°+pz--b.sineof 90°+7‘:—§.—z\

~-¢ sine of go°+p-42¢.z &c. or because the sine of an arc is

equal to the sine of 186°— that arc, we shall have the sum of

the series a. sine of 90°'—~j)z+b. sine of go’—p--¢.z &c. or its

equal, a. cos. of pz--b. cos. of p4-q.2-}c. cos. of p42q.% &e,
which is the first part of the theorem ; and by following the
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steps backwards, and substituting pz— go” for pz throughout
we get the second part Q. E. D.

This theorem evidently supposes that the functional values
of pz are distinct in the general expression for the sum of the
series, before the substitution takes place, which may not be
the case if p has any particular value, or even if p, ¢, and =
have any relation to each other.

Theorem VI.

Given the sum of the series, a sine of #z-=.b sine of y-x.%
«}c sine of 7+ 2x.24d sine of »4-gr.z-} &c. and likewise of

a cos. of =z4-b cos. of =+x.x4c cos. of r42x.z4 &c. ex-
~ pressed generally and distinctly in terms of ¥ for any parti-
cular values of = and x, except x==0, = and » having the same
value in both series ; there will likewise be given the sum of
the series, a sine of pz-b sine of p4-q.%4c sine of pF2q.2
&c. and likewise of, a cos. of pz4-b cos. of ptq.z-+c cos. of
p+2q.% &c. generally and distinctly in terms of p, g, and =.
For, calling the first series A and the second B, and put-

ting z= '-];"f, we have by substitution,

. qr . zv_r . ﬁ .
a sine of = z-}-b.sine of == 4-q .z . sine of =~ 4-2¢.x4-d. sine

of £43q. 24 &c.== A, and

e ——cT

@ cos. of Zx4-b.cos.of & + q.x4-c.cos. of = -2g. z4d . cos.

of%’—r+3q . x4 &c. = B.
A and B being now expressed in general terms of ¢ and x,

and particular values; multiply the first by, ¢ cos. of p— L. &
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and the second by 2 sine of p— £,z by means of lemma

No. II. and we get, a sine of pr—a sine of p— z——i’f-.‘x-{-b sine

ofp+q.xv-b sine of p— -fj-i’-ff--—qv.'x-}-c sine of p- 2q.r—csine

of p— 2= —9q. z &c.=2A cos. of p— L= 7, and a sine of pz

asine of p— 2=, z-L b sine of p +q.x+bsineof p— L= —g. x
==+ P+q =9

+¢ sine ofjb+2q X+ sine of p'-—zq—; —oq.z &c.==2B sine of

p—Lz; ;consequently, adding these two together, we have
by dividing by 2, a sine of px+b sine of p+q.z4c sine of

pFeq. 2 &c.=A cos. of p—2=. 4 B sine of p— L= . z, ex-
pressed generally and distinctly in terms of p, ¢, and z, the
equation will therefore remain if we put z in the place of x
throughout, and therefore the sum of the series, a sine of
pz+-bsine of p4-q.% &c. is given expressed generally in terms
p, ¢, and of %, which is the first part of the theorem. _
Again, by multiplying the series, a sine of L z4b sine of

9—:—’ +q.x &c.=A, by 2 sine of p— q—:’- z, by means of lemma

No. L and the series, a cos. of ?n.f x4 cos. of L 4-q.z &c.=B,

by 2 cos. of p— £ z by means of lemma No. II. we shall have

a cos. of p— %’-’. Z—a cos. of px4-b cos. of p— f—f—’f—-q LT b

- cos. of p4-q .24 cos. ofp-—i;q‘-’-'——zq L= c0s. of p2q . & 4=

&c.=2A cos. of p— L z, and a cos. of p— L. z4-a cos. of pr

40 cos. of g— 3,%’-' ~—q.x-}b cos. of p4q.x4-c cos. of ¢— 3%35-—211
MDCCCVI, Aa
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.&4-c cos. of p4-2q.2+ &c.==2B cos. of p— Lz ; half the dif-
ference of these two series gives, ‘

a cos. ofpx+b cos. of ptq. x+c cos. ofp—[-eq x+ &c.=B

cos. of p— L x—A sine of p— £z expressed generally and
distinctly in terms of p, ¢, and z; and consequently by writing
z for z throughout, we have the sum of the series, a cos. of
pé-l—b cos. of p4q. x4 cos. of P+2q.%+ &c. expressed ge-
nerally and distinctly in terms z,p,and ¢. Q. E. D.

'~ Cor.1. Itis evident that p and ¢ may be taken any numbers.
~ either positive or negative, but x ought not to be equal to o,
for we could not then effect the substitution z= qn

Cor. 11. Putting, a cos. of px-b cos. of p+q.% &c.=P, and

a sine of pz+b sine of p+q.% &c.=Q, and also B’ and A’ for
the values that B and A become, by writing = for « in those

values, that is, 2 forf;f in the given expressions B and A we

shall have P=B’ cos. of p— L= z— A’ sine of p— L. 2, and Q

=B sine of p— L= . x4+ A’ cos. of p— L.z.

Cor. 1. Hence we may again prove, that if we have the
sum of the series, a sine of pz4b sine of p+q-2+ &c. ex-
pressed generally in terms of p, g, and z, we may find the
series, a cos. of px-b. cos. of p+4q.z-4 &c. expressed gene-
rally in terms of p, ¢, and z, and the contrary. For having
the sum of the first by writing = for p, » for ¢, we shall have
the sum of the series, @ sine of #z-b sine of wtx.z+ &c.
=A, expressed by z, and particular values; in which writing

2—3 for 2, we get A’, therefore having A’ and Q, we may, by
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help of Cor. 11. find P in terms of p, ¢, and 2, and particular
values, namely, the sum of the series a cos. of pz+4b cos. of

#+q.% &c.and in a similar manner the contrary is proved.
Q.E.D.

Theorem VII.

If we have the sum of the series, @ sine of pz-4-b sine of
gz-tc sine of rz4 &c. expressed generally by z; we have
likewise the sum of the series, @ cos. of pz . sine of py+b cos.
of gz . sine of qy-}c cos. of rx sine of 7y &c. expressed gene-
rally by x and y. And if we have the sum of the series, a
cos. of pz4b cos. of gz--c cos. of 7z &c. expressed generally
by z; we have likewise the sum of the series, a cos. of px .
cos. of py4b cos. of qx . cos. of qy-}c cos. of rx . cos. of ry
&c.; and also the sum of the series, a sine of px . sine of py
~+b sine of gx.sine of gy-}-c sine of rr sine of 7y &c. ex-
pressed generally in terms of x and y.

First; if we have the sum of the series, a sine of pz-+b
sine of gz &c. expressed in terms of 2, by writing z-~y in the
room of % throughout, we shall have the sum of the series,
a sine of p.x-y=b sine of q.z4y-c sine of r.z4y &c. ex-
pressed in terms of x and y and in like manner by writing
x—y for = we shall have the sum of the series, a sine of
p:t_:}+b sine of q:r-:-_}-l-c sine of 1‘..?:—57 &ec. expressed in
terms of x and y, therefore the half difference of these two,

that iS, a. sine ofp.x-l-y—z- sine of p.x—y +b . sine ofq<.z-+y__zsine of g.x—y

sine of r.x+y— sine of r.x— . .
o ZEEIERIZ TR0 &e. orits equal by lemma No, IT,

@ cos. of px. sine of py4-b cos. of qx. sine of gy--c cos. of rz.
Aag
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sine of ry 4 &c. will likewise be expressed generally in terms
of x and y, which is case the first. ‘

- Again, if we have the sum of the series a cos. of pz 4 b cos.
of gz &c., expressed generally by z; by writing x — y through-
out for z we shall have the sum of the series a.cos. of p.z—y
+ bcos. of g.x —y + ¢ cos. of . z— r—y &c. expressed gene-
rally by x and y and by writing x 4y for 2 throughout, we
shall have the sum of of the series a cos. of p .z + y + b cos.

of ¢.Z+Fy -+ ¢ cos. of r.x +y &c. expressed generally in
terms of x and y, and consequently the half sum of the two
which by lemma No. III. is equal to a cos. of pz . cos. of py 4
b.cos. of gz . cos. of qy + ¢ cos. of rx.cos. of ry &c. will be
expressed generally in terms of x and y ; and the half diffe-
rence of the two which by lemma No. I. is equal to, a sine of
px.sine of py 4 b sine of gx. sine of gy 4 ¢ sine of rz. sine of
ry &c. will likewise be expressed generally in terms of = and.
y. Q-E.D.

~Corollary. From the sum of the series, a sine of pz 4 b sine
of gz 4 &c. having obtained the sum of the series, a cos. of
of pz. sine of py -+ b cos. of qz.sine of ¢y &c. if @’ be put for
a cos. of px, b for b cos. of qx, ¢' for ¢ cos. of rz, &c. this
series will be reduced to a’ sine of py -+ V' sine of ¢y -} ¢"sine
of ry &c. which is of the first form of this theorem, and con-
sequently from it may be deduced the sum of the series @' cos.
of pw . sine of pv =¥ cos. of gw . sine of gqv 4 ¢ cos. of rw.
sine of rv &c. and therefore its equal the sum of the series
a cos. of pw . cos. of px . sine of pv -}- b cos. of qw . cos. of qz .
sine of qv 4 ¢ cos. of rw .cos. of rx. sme of rv 4 &c. in terms
of v, w, and z, but if o’ had been put for a sine of py, &' for
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b sine of gy &c.; we should have had the series reduced to
the form a’ cos. of py -+ ' cos. of ¢y &c. which is of ‘the ed
form of the theorem, and consequently from it is deduced the
sum of each of the series, 1st. a’ cos. of pw. cos. of pv -4~ ¥’ cos.
of qw.cos. of qv &c. that is, of the series a cos. of pw . cos.
of pv . sine of px <4 b cos. of qw . cos. of gv. sine of gz &c. in
terms of v, w, and x, which is indeed similar in form to the
series found by the other substitution ; and 2d. the sum of the
series @’ sine of pw . sine of pv - ¢’ sine of qw . sine of qv &c.
or its equal the sum of the series a sine of pw. sine of px. sine
of pv -}- b sine of qw . sine of gz . sine of qv 4 &c. in terms of
v, w,and x. And in a similar manner, from the sum of the
series a cos. of pz -4 b cos. of gz &c. having found the sum of
the series a cos. of px . cos. of py 4 b cos. of gz . cos. of qy &c.
we may find the sum of the series a cos. of pw . cos. of pv . cos.
of px - b cos. of qw . cos. of qv . cos. of gxr 4 &c. in terms of w,
v, and x, and likewise the sum of the series a cos. of pw . sine
of pv.sine of px -} b cos. of qw . sine of ¢qv.sine of qxr &c.
And in a similar manner also may we proceed by degrees to
more complicated cases. '

Example 1. Because (from Ezample 1. Scholium o. after
Ezxample g. Theorem IV.) we have the sum of the r first

terms of the series, cos. of 7z 4 cos. of 7 4 ¢ .2 == cos. of
n - 2q.z &c.= [sine of n + r— L.q. % — sine of # — 1q.2]

g sine of Z¢z: if x —y and x -4 y be written for %, then
the half sum and half difference of the resulting expressions,
by case 2 of this theorem, will give the r first terms of the
series cos..of nx.cos. of ny 4 cos. of 7+ ¢q.x.cos. of
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sineof n 4 7rm2i.q.2—y~sine of 7 — 1q. .r..-y

7t q.y & =
+q J . 4.smeof§q Ty
7 _ fn— L
+smeofn+1~ ig.2+y sine of # — 1gq iq. x+y’ and the sum of the
4sineof $q.x rET
r first terms of the series sine of nz . sine of ny 4 sine of # 4 ¢

.z.sine of # ¥ ¢. y+smeofn+2qx sine of # 4 2g. y&c.

sine of ntr—Zg z—y — sine of n—4q r—y __ [sine of # + 7 q
_ > A - — L.

4 sine of £g x—y
X Fy—sineof n — Lq.z 4 y] - 4 sine of 1q.z + y.
Cor. If rz and 7y be both multiples of the whole circumfe-
rence the said two values will be equal to o.
Ezxample 2. Because (from Cor. 1. Ezample 2. Theorem 11.)

we have sine of pz —rsine of p4q.2 7. —r—‘!z'—f sine of p + 2¢

: ine of p — Zqr .
Lz &c,o =L P20 % e have by this theorem case 1, cos.

e

- 2 cos. of 39z’
of px.sine of py —rcos.of p+qg.z.sineof p+4q.y 4 7.

sine ofp.- Lor.x 4y

r"“cos ofp-}-zq z.sine of p + 2q.y &c. = —==L=Htk
2.2 cos. of £q.x ol

D ]

o |
— dneof p—200:¥ =3 And because by the same cos. of pz—r
2.2 cos. of £g . x —y)|

cos.of pFq.2 7. ——-cos of pF2q.% &c. = T
we have by case 2 of this theorem cos. of pa . cos. of py —r

cos. of p 4 ¢ .. cos. ofp-l-q y+r. ———cos.ofp-]-zq.x.

cos. of p—. 2qr .2

cos. of p— Igr.x— cos.of p— 2qr.2 + y
cos. of p-2q.y &c. = p— 3 _my = A
' 2 . 2 cos. of q. =3y 2.2 ¢cos.of 2g. x4yl

and sine of px . sine of py — 7 sine of p+ q.x.sine of p+q
y+&C. cos. of p ~= 3qr . .z'-y cos. ofp.--qr x+y

2.2 cos. of 1q . x—3l| 2.2¢05.0f 29 . x|
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Cor. If in these we either put ¢ — p or Igr in the place of
p, we shall get theorems for the rectangles of sine and co-
sines, rectangles of cosines and the rectangles of sines similar
to those of Cor. 11. and 111. (respectively) Example 2. Theorem 11.
for the simple sines and cosines.

General Scholium.

It is necessary to obeserve, that there may be particular
cases, in the summation of which these mecthods fail, and
which, if not properly considered, may lead to great error,
especially when new series are derived from those containing
failing cases, by multiplying by fluxions, and finding the
fluents of the expressions thence arising. For if the cor-
rection should happen to be sought from any of the failing
cases, the summation of the new series might not only fail
in the failing case of the primary expression, but in every
other. ‘ | |
From Example 1. Theorem 1. we have sine of pz -} sine of

P+ g.x 4 sine of p + 2. x &e. =L ofp —39-% . this when

2 sine ot gz ,
% == 0, will be sine of o 4 sine of o -} sine of o0 &c.oro 4 o

cos. of o ¥ . o .
-+ o &c. = e = s that is the sum of a series

of noughts infinite, which is absurd. Again, in Ezample o.
Theorem 1. Cor. 1. cos. of nz 4 cos. of gnz 4 cos. of 5ng
&c. == o, therefore if ¥ be taken=10 it will be 1 4~ 1 4 1
&wc. = o which ought to be infinite, and in Cor. 11. 2 being = o
we have 1 1 41 - 1 &c. = — L :

In order to explain the reason of these absurdities, and to
prevent the errors they may produce, it is necessary to con-




184 Mr. GoMPERTZ on Series which may be summed

sider the subject more minutely, to which purpose Scholium 11.
at the end of Theorem IV. will afford great assistance: from
that it appears, that the sum of the r first terms of the series

cos. of nz 4 cos. of n 4 q .= -+ cos. of n+2q z&c. ==

——-:..—-—-__ —
sine of n4r—2q.x— sine of n—1q.x
2 sine of Igz

sum of the r first terms of the series sine of nz-4 sine of

; and by s1m11ar means that the

—co0s.of n4r—~Lg.x4cos. of n—ig.z

#+4q.2 4 sine of n+4-2qz+4 &c.= 2 sine of Ig= :
now it is plain that if gz were either equal to o or a multiple
of 860°, sine of Lgz would be equal to o, and because r is a
whole number, 7gz would either be equal to o or a multiple of

860°, and consequently the sine of n-r—7.q.2z= sine of

n— Lg% and the cosine of 7 47— L.q.z= cos. of n—%.q.%, and

therefore the sum of the series, cos. of nz+4 cos. of #n}q.2
&c.=(when gz=o0 or some multiple of g60°) - - - -

ine of n—Ig.z— sine of 7 1q. : :
LRSI of u 42=2, and of sine of nz+4 sine of

n+4-q.z &c.=9g whatever » may, whether finite or infinite,
Indeed the determining the value of §, depends on the value
of r; but if gz be any thing but o or a multiple of g60c°, the

'value of the sine or cosine of #4r—Lq.z will depend on the
value of r, and may then be varied from positive to negative
and from negative to positive, by merely increasing r, and
consequently when r is infinite, there being no reason for its
being positive rather than negative, or negative rather than
positive it should be considered o; and therefore the sum of

the infinite series, cos. of nz+4 cos. of n4q.2 &c.= —

sine of n—39.3

e of g — and of sine of nz 4 sine of 7 n4q.3 &=
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3
cos. of n—1q.2
zsineof igz

I.) except when gz==0 or some multiple of §60°; on account
of there being something else to be taken into consideration,
in that case. Again, it appears by Ezample ¢ of the said
scholium, that the sum of the r first terms of the series,

in every case, { the same as in Example to Theorem

cos. of nz— cos. of n—|~q‘.z+ cos. of nf-2q.% — &c. =

cos. of n—2q.2k cos. of ntre-L.g.x
2 cos. of gz -

taken according as 7 is odd or even. And by similar means
the sum of the 7 first terms of the series, sine of nz— sine of

, the upper or under sine to be

7n4q . 2+ sine of n+2q z— sine of n4-gq. z &c. is found =

sine of n—1q.z= sine of 7 n-|-r—2 g2
2 cos. of Lgz

odd but the under if even. Here if gz==180" or any odd
multiple thereof, the cosine of L 397 Wi w111 be = o0 and if 7 be

, the upper sign to be taken if 7 is

even at the same time the cos. of n--r- n+7 +.¢-% will be equal to

the cosine of n—2L.q.z and the sine of n+r-———2—.q.z= sine of

n—%q%; but if » be odd we shall have the cos. of n4-r—L.q.x
== — cos. of #n—3q.2 and sine of n-}r—=L.g.x= — the sine
of r—3¢.z; consequently by substituting these values in the
above expressions for the sum, due regard being had to

the signs, we shall find that, whatever r be, the sum of either
series will be expressed by g: but if = be any other value it

appears that + the sine or cosine of n+r—-—— q.% depends on
the value of r, and may be either positive or negative, by
varying r; and consequently should as above when 7 is infi-
nite be considered == 0. And the sum of the series, sine of

MDCCCVI, Bb
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sine ofn-—;q z
2 cos. of 2qz lqz

ng— sine of n-4-¢.z-4 &c. will be = ) and of cos. of’

cos.of n—1q.2
———— 1
2 cos. of gz >

nz— cos. of n4q.x4 &c.= as in Example 1,

Theorem 1I. except when gz= some odd. multxple of 180°,

something else being in that case to be taken into considera-
tion ; and thus are we to reason, in the failing cases of other
expressions: but by the common rules for finding the value
of an expression when the denominator and numerator vanish,
we may find the value even in the failing cases; thus by
dividing the fluxion of the numerator by the fluxion of the

- €0S. Of 47 —’g.2} COS. of ni—1igq iq.2
- 2 sine of 3¢z

denominator in the expressions —

sine of n47—Z.g.2— sine of n—1q.z o
and > sine of Ig= , and then makmg gz=0, or

some multiple of g60°, we shall get simply, o for the sum of

the 7 first terms of the series sine of #nz-}- sine of n-4-¢q.z-4&c.,
“and r for the sum of the r first terms of the series cos. of

az+ cos. of n4-¢.%+ &c. when z==0 or some multiple of g60°,
that is, o for the sum of the r first terms of the series, o040
&c. and 7 for the sum of the r first terms of the series, 14141
&c. which is self-evident. And thus may we proceed in other
expressions when the sum of » terms can be obtained by a
general value.

That these things should happen as above described, is
likewise evident, from the investigations of the theorems ; for
in Theorem 1. for instance, we have s = + 2 sine of ¢z

or + s.2sine of £q%|", # being a positive whole number ; there-
fore if the sine of Z¢z be = o, which will happen when ¢z=0
or some multiple of g6c°, it is plain that we should have
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s7== + s'x0, or + sx0, and consequently s= ought likewise to
come out equal to o, and therefore s, would be =22 ; and
consequently when s~ in that case does not come out = o, it
is certain that there must have been something neglected :
- and to shew how this may happen, we observe that since
Theorem 1. and 1I. require the differences of the coefficients of
every term and the next succeeding term to be taken, it is
evident that the last term will have nothing to be taken from,
and will consequently remain through every new series; in
consequence of which there will be terms of the form A . sine

or cosine of w-4-gr.z, (in which 7is a whole number and infi-
nite, the number of terms of the series being infinite,) whose
coefficient A will never be = o unless the series 4, b, ¢, &c. be
converging : these terms are unavoidably omitted, by reason
of their place being at an infinite distance, and can conse-
quently never be arrived at; but still unless it be equal to o,
it should not be omitted ; which it cannot be unless, either in
the above mentioned circumstance of the series a, b, ¢, &c.
being converging, or when the terms of the series of sines or
cosines, are continually changing their signs, for different
values of r; which it will always do when ¢z is not equal
to o or some multiple of g6o°; provided the coefficients a, b,
¢, &c. are all affirmative: and consequently the said terms
may be omitted in every such case, there being no reason for
taking one sign rather than the other: but if ¢z were equal
to o or some multiple of g60°, since A .sine or cosine of
w-qr.z will then be simply A . sine or cos. of pz, and there-
fore if the same sign whatever » may be, when q, b, ¢, d, &c.
~~====t0 A, have all the same signs ; and consequently cannot

Bb e
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be then neglected unless in the case above mentioned of a, b,
¢, &c. being converging, in which circumstance it ‘will have
no failing case: but had the coefficients a, b, ¢, d, &c. been
alternately 4 and —, the failing case would not happen when
gz=o0 or a multiple of 360°, for then there being no reason
for taking A of one sign rather than the other, it should
therefore be taking equal to o ; but it will happen-when sine or
cos. of w--gr.z is alternately positive and negative, by conti-
nually increasing » by 1: for then the coefficients of the terms
of the form, sine or cos. of w4-qr.z being alternately positive
and negative ; and likewise the terms themselves alternately
positive and negative, the whole values resulting from them
will have the same determinate sign, and this will be when
qz==180" or some mulﬁple thereof. And if a, b, ¢, 4, &c.
be positive and negative according to some other law, the
failing cases may be found by the like reasomng, which is
likewise applicable to the other theorems.

These remarks pave the way to the correction of fluents
necessary in the apphcatlon of the doctrine of fluxions to
these series.

1. In Example 2, Theorem 1. if for nz we write b}z, and
for, ¢ we write 1, we shall have cos. of k4-z- cos. of kf2z

—— - sine of k42z < p3 cos.ofiz
+ COs. of k+32 &e.= — zsme of 2z sine of . 2 sine of Lz

cos. of k.sine of Iz sine of k. cos. of £z cos. of &
— Lanaesl

2 sine of iz - 2 sine of iz * Mult:p Iy
both sides by %, and find the consequent fluents, and we shall
‘have sine of F a4 S22 k+ 2% ). Sine °f3k+3z == ﬂuent of

£ . £, €os.of iz €OS. of k
{— —sineofk,

%7, which because = cos. of

- L]
sing of 32
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3%, is equal to the fluxion of sine of 1z, is equal to the fluent

. fluxion of sine of 1z cos of b . ' .
~ ) ) 2 —_—
of [— sine of k. ——— i ——. %]= — sine of k.
cos. of %

-%- a correction: now thlS correction

log. sine of Lz —
must not be sought when ¥=0 or a multlple of g60°: for in
that case from what has been just now said, the primary equa-
tion fails, or rather there is a supplemental value only then to
be prefixed; therefore the easiest method which offers, is
when 2==180°, we then have the sine of k4z= —F, sine of
k4-2z=sine of &, sine of f4-gz= — sine of k &c. and sine
of Lz=1, consequently putting Q for L of the periphery of a
mrcle whose radius one, the expressmn will beCome — sine
sine of & + sine of &

sine of %
e ——— 3 4

— cos. of #l.Q+}- correction .-. correction = sine of . log. of

&c. or sine okalog of L=

2} cos. of Al Q, which correction being prefixed we have,

fifex , sineof L
sine of frr4- oA Etzm |y sine 03 +3% &c.= sine of  x log. of

—+ Q— 5 xcos. of &: which is only true whilst % is

1
2 sine of

between o and 360 ; for though our primary equation fails
only when 2 is o or some multiple of 36¢°, and is true in
every other case, whatever ¥ may be, whether more or less
than g60°; still it cannot be so in this derivative equation:
for suppose K to be the said supplemental value, which is
equal to o in every other case but that mentioned abave, the
derivative expression, will in that case contain the supplement,
the fluent of K.# producing a correction which will remain
when it is once introduced, though K may afterwards vanish,
namely, when = becomes neither o, nor any multiple of g6¢°
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and therefore every time 2 becomes, by flowing, any multiple
of g60°; K being introduced, it will introduce an additional
correction, which will remain afterwards. ~

If this equation be multiplied by 2 and the fluent be again

of of kot L of F ¢ 3%
taken, we shall have cos 0,k+ % + €os, O : 2% + €0s. O - + 3% &c.

= — fluent of [’sine of k .% log. of —: oflz +Q—-~+.3

cos. of k] which fluent is easily found by infinite series, but
if 2 be == o we shall have cos. of £ = 1, and the fluent = Qz

cos. of 2%
21.

_%, independent of the correction, that is cos. of 2 -

2 . . ;
o of ;f &c.=A—Qz+ %—, A standing for the correction :

if 2 be = to the arc of go° or Q, we shall have cos. of z=o,
cos. of ez == — 1, cos. of gz==0, cos. of 4z ==1 &c. therefore

we shall have by substitution — 4 = — G+ 5 &c. = A
— Q' +L=A—2Q, butif in the equation = be taken
== 180" or 2Q), we shall have cos. of x = —1, cos. of 2z =
+ 1, cos. of gz = — 1, &c. &c. ;. — 14 5 — —;—,+ &c.
= A — 2Q" -4 Q" or A — ", which series being the same as
the other series when multiplied by 4, we have A— Q*=4A
2 Q*
- g0 .- A==—Q 1———+—-—&C—Q——A=T,
and cos. of 2 4 == °f:z 4 = éf;z &c. = -;-Q’ — Qz +-f‘;
It is remarkable that this equation is true, not only when the
equation from which it is derived is true, but likewise when
z == o or g60° in which that fails, and that the correction might
have been sought in those cases had this circumstance been
known. Multiply this again by 2, and find the fluent, and we
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sine of 2z, sine of 32 Qz*
have sine of % -}~ + &c. = Qz....w- T?

and this requires no correction whilst 2 is ﬁ om o to gbo in-
clusively of both ; this is evident at first sight, as we are not
now obliged as before to avoid correcting when z==0 or 360",
as the equation from which this is derived does not fail in those

cases.
2. If in the ‘equation sine of #z — sine of 7 4 ¢.% . == sine

sine of-r;—:-—;Iz . — o
of n 4 gqz — &e. == e , failing when gz = 180 or

an odd multiple thereof, we put =1, q == 2 we have sine of
% — sine of gz sine of 5% &c. = o, failing’ when x == 9o° or
any odd multiple thereof ; if we multiply this by % and find

the fluent we shall have cos. of z — <2532 + = of 5% __ &e.

= correction, which must not be sought when z = go°, or
‘odd multiple thereof; if it be sought when % == o, we shall
have it = 1 — 3 4 I &c. = 1 Q, which will answer whilst =
is exclusively from — go°to <~ go°. If the correction had been
sought when z==180° we should have it = —14 3 — £ &c.
= — 1 Q, answering whilst % is from go° to 2%70".

8. Again, from Cor. 1. Example 2. Theorem 1. cos. of = +
cos. of gz+ cos. of 524 &c. is equal to o, failing (from above)
when gz == o or a multiple of 360°, and therefore when z = o
or a multiple of 180°: if we multiply by the % and take the

&c. = correc-

) : o
fluent we have sine of % 4 Zneofz 4 sneofs

tion, which should not be sought when % = o or any muitiple

sine of 3 .- go®
3

sine of § x 90 . Q .
F——— &c. thatis 1 — 3 -5 &c, orits equal = for the

of 180, when z == go° it becomes sine of go’ 4 ——
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correction, the same as LANDEN finds, thisis true whilst % is
exclusively between o and 180°.
4. In Cor. 11. Example 1. Theorem 1. p being == 1 we have

sine of z - sine of gz -}~ sine of 5z &c. = failing

2 sine of P
(from above) when ¢z or 2z == o, or a multiple of g60°, and
therefore when % == o, or a multiple of 180°; if we multiply

this by % and find the fluent we have, because == (b oy

—] . — o

L B .
putting y for the sine of 2 ) = PV v
2 being put for —’- whose fluent is = — Llog. of # 4~ v 2" — 1

g 2 10g
= — Llog. of =t yz, ‘consequently cos. of z-- 535—9%31
. Vit

00 0f 5% L]og. of 1% ’—-—+ correction, which being sought

‘when z=g0° and consequently y=1 and the cosines of , of 3z,
of 5z, &c. == o0, we have it equal to o; and this has no failing
case since it will not fail when z = o or any multiple of 180°
in which primitive equation does. If % be = 45° we shall have

cos. of z=vL, cos. of gz = — v/ %, cos. of sz = — VI,
cos. of 7z = 4 v/ 'L, cos. of 9z = -+ v/ L, &c. therefore\/—»f
xil—=3—3434§5—&corv{ x1--_...+ -

113 13

=1 vI 8y 6 T
&c. =% log. of =i R R &c..—-\/él.log. of
1-{-*/% I 2 3 —_
= VT log. ofs/2+1 gtk =—
igi og. ofs/z-l-l

5. By Theorem 1. Example 6, we have the sum of the series
sine of pz 4 g sine of p 4 ¢. 2 - g* sine of p 4 2q. 2 -4 &ec.
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— g sine of p—¢q. % 4 sine of pz
T g+ 1 — 2g cos. of gz

, if this should have a failing case,

it will be, by this scholium, when ¢z = o or some multiple of
860° provided g be affirmative ; but if g be negative, it will be
when ¢z is some odd multiple of 180°; a similar expressicn to
this is given by Mr. Lanpen by his method.

If p be = ¢ == 1 we shall have, sine of  4- g sine of 2z 4- g

sine of =
g%+ 1 = 2g cos. of &’

calling the cosine of 2, xr and find the fluent, we shall have

sine of gz &c. ==

if we now multiply by =

gcos.of 2 2 cos. of Y
cos. of x + £ T s 3

which has no faumg case.
6. According to this General Scholium, Example 2. to Theo-
rem 1. has failing cases in the investigation, unless the series

&c. = ;:;; .log. of 1+g’— 2gw

1,7, 7. —r—“:—‘— &c. converge; thus those in the Corollaries 1. 11.
and 111. when ¢z is any odd multiple of 180°. By bringing
both series to one side in the equations in Cor. 11. we have

sine of gr—p.z-}-sine of pr—rxsine of T-f__ﬁ —p.2+ sine of P+q.2

+&c == o, and cos. of 5 — p. % — cos. of pz —r x cos. of

q.r1—1p. % — c0s. of p 4 ¢ . = 4 &c. = o. Multiply them
both by % and take the correct fluents when 2= o, and we get

cos. of gr—p.z cos. of pr cos. ofq r+x_p 2 cos. of p4-q. 2
—_—.
qr—p + ? ' S Qiryipz + ptq +

porEt o ofgrbzopem gy con P+ 292 g = M, and
2 qrtz—p= Pt

sine of gr— p. = sine of p= . sine ofq.rv+ 1—p.2 sineof p + g.x%

o

o —p ¢ gt 1—p Py
&c.=o0, M being put for————— --—-—r —— L
+ : gp 4 =t
r41 1 ‘ I qr r1z.q
r. ¢t &c. = —T L
+ z Q-"-+2—P+1’+2’1 p.qr—p P49 Q. TH1mp
MDCCCVI. Cec
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o el &, if we now multiply the first of
Z ptequgrda—p

these by sine of Tqr—p. %, and the second by cos. of Tgr—p. =,
and take the difference we have

sine of 1gr— p. = X ros. of qr.-. px — cos. of Lor—p. z xsine of gr— px

=3 -+ [sine
of Zgr— p. % . cos. of pz = cos. of Lgr— pz . sine of pz]-p —

r

e

g-rTH1—p

Igr—p.%.sine of rep1.q—p.] ——mx[s‘ine ofigr—p.%

.cos.of p 4 q.% - cos. of‘qr——p szmeofp-}-q 2] &c.

ox[smeof-—qr——[)z COS. ofr+1 q— p. % — cos. of

. . . . sine of Lgr. s eof i
which by trigonometry is reducible to — q = . dneof 3=

. vy L

+ rsmeofq-%r-%-!-z — smcofo;.;rq-{-! .z &C =— M . sine of
' g-r4+1—p

T F%; or sine of Igrz T_Sine ofg.fr 4 1.2 =M. sine of Zgr—p. sine of $gr—p. =z

34" —P%; - g rk1—p

p.ar—p pPtq.-q-r¥1—p T ar—zp

the same as LANDEN finds, page 83, Mem. 5. 'We may farther
add, that when series are obtained from others having failing
cases by substitution, as in Scholium 111. to Theorem 1. or as in
Theorem V. and V1. regard should be had to those failing cases,
according to the manner of substitution, in order to find the
failing cases in the new series. We might proceed to many
more examples, in finding the sums of new series from others
multiplied by fluxions, or we might give examples of finding
the sums of new series by throwing others into fluxions : but
my chief object in these latter examples was to obviate any
difficulty that might appear in choosing the cases for the cor-
rection of the fluents. There are other inferences to be drawn,
which I may perhaps consider at some future period. ’



